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3 2(The first work)
The first paper of Professor Etsuo Yoshinaga was published in 1970 under the joint au-
thorship with Professors Shigeo Ozaki and Syouji Kanai.
[1] On flat families and complete families of analytic spaces onto complex man-
ifold (with S.Ozaki and S.Kanai, Math. Z. 116 (1970), 258-263) In this paper, they
consider a deformation of complex analytic space, that is, a holomorphic map $\pi$ : $Xarrow M$
of a complex analytic space $X$ to complex manifold $M$ . We denote their structure sheafs
by $\mathcal{O}_{\mathcal{X}},$ $\mathcal{O}_{\mathcal{M}}$ , and $\mathcal{O}_{\mathcal{X},\S},$ $\mathcal{O}_{A\Lambda,\mathrm{u}}$ denote their stalks at $x\in X,$ $t\in M$ . Set $m_{M,t}$ the ideal sheaf
of holomorphic function germs vanishing at $t$ . For each $t\in M$ , the fiber $X_{t}:=\pi^{-1}(t)$ is
an analytic subspace of $X$ . We understand that this map is a family of analytic spaces $X_{t}$ .
One of subjects about that many mathematicians have interests is flat family. We say that
$\pi$ : $Xarrow M$ is flat at $x$ , if $\mathrm{T}\mathrm{o}\mathrm{r}_{1}^{o_{\Lambda}}4,\mathrm{u}(\mathcal{O}_{\chi\S},, \mathcal{O}_{\lambda}4,\mathrm{u}/\mathrm{J}_{\mathrm{A}4,\mathrm{u}})=’$, where $t=\pi(x)$ . In this paper,
they first gave a characterization of flatness.
Theorem The family $\pi$ : $Xarrow M$ is flat at $x_{f}$ if and only if, $t_{1},$ $\ldots,$ $t_{n}$ form a regular
sequence, where $(t_{1}, \ldots, t_{n})$ be a local coordinate system of $M$ at $t$ .
We say that the family $\pi$ : $Xarrow M$ is reduced, if each $X_{t}$ is reduced analytic space. Let
$\Omega_{X},$ $\Omega_{M}$ denote the sheafs of holomorphic 1-forms. We set $\mathcal{T}(\mathcal{M})=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathcal{X}}(\pi*\otimes_{\mathrm{A}\mathrm{t}}, \mathcal{O}_{\chi})$,
and $\mathrm{O}-_{1}(M)=\mathrm{E}\mathrm{x}\mathrm{t}_{X}^{1}(\Omega_{X}/\pi^{*}\Omega_{M}, \mathcal{O}_{\mathcal{X}})$. For $M’$ a submanifold of $M$ , we have a subfamily
$\pi’$ : $x’arrow M’$ of $\pi$ : $Xarrow M$ by restriction, i.e. setting $X’=\pi^{-1}(M’\mathrm{I}$ , and $\pi’=\pi|X’$ . We
use letters $\mathcal{T}(\lambda 4’),$ $\mathrm{O}-_{1}(M’)$ for $\pi’$ as same as those for $\pi$ .
Theorem Let $\pi$ : $Xarrow M$ be a flat reduced family. If $Ext_{X}^{1}(\Omega_{X}\otimes_{\mathcal{O}_{X}}\mathcal{O}_{\mathcal{X}’}, \mathcal{O}x’)_{8}=$ ’ for
$x\in X_{f}’$ then there is a natural epimorphism $of\mathcal{T}(\mathcal{M})_{\S}$ to $_{1}(M’)_{x}$ .
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We fix a reference point $0\in M$ , and set $\mathcal{T}_{\infty}(\mathcal{X}/):=\mathrm{x}_{\infty}(\{’\})$ . This $\mathcal{T}_{\infty}(\mathcal{X},)$ is the sheaf
of the infinitesimal deformation of $X_{0}$ . As a corollary of this $\acute{\mathrm{t}}$heorem, they recover the
following criterion for completeness due to H.Kerner.
Corollary Let $\pi$ : $Xarrow \mathbb{J}I$ be a flat reduced family. If
$Ext_{o_{x,/\Phi_{\mathcal{M},\prime}}\S}^{1}\pi^{*}(\Omega X^{\otimes}\mathrm{O}_{\mathcal{X}}\mathcal{O}\chi/\pi^{*}\Downarrow’\iota 4,/, \mathcal{O}x/\pi:*\mathrm{Q}\mathcal{M},/)_{\S}=$ ’ for $x\in_{J}\dot{\mathrm{Y}}_{0}.$ ’
then there is a natural epimorphism of $\mathcal{T}(\mathcal{M})_{\S}$ to $\mathcal{T}_{\infty}(\mathcal{X}/),$ $i.e$ . $\pi$ is a complete family.
4 3(modified analytic trivialization, etc.)
Studying classification of singularities of functions, it is important to show triviality
of given family of. functions. One basic idea to construct such triviality is $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}_{\iota}$tion of
vector fields. Since the analytic classification of analytic functions $\acute{\mathrm{h}}$as modulus, we need to
consider topological classification of them. Thus there are no analytic vector fields which
generate analytic $\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{i}\dot{\mathrm{a}}$lization in general. $\mathrm{H}_{\mathrm{o}\mathrm{W}\mathrm{e}}\mathrm{v}\mathrm{e}\dot{\mathrm{r}}$, this integration method is still useful
to construct topological trivialization. Set $W_{t}(x, y)=xy(x-y)$ (x–ty), $t\geq 2$ . This is
famous example, due to H.Whitney, which has an analytic modulus. But if we consider
the pullback of $W_{t}$ by the blowing up of $\mathrm{R}^{2}$ at the origin, we find that this is an analytic
trivial family. ( $\mathrm{T}.-\grave{\mathrm{C}}.\mathrm{K}\mathrm{u}\mathrm{o}$ is the first person who observed this fact.) Such observation
gives us the notion of blow analytic trivialization, and the idea of blow analytic category
(proposed by T.-C.Kuo). The idea of construction of such trivialization is the following: If
we have a nice vector field in some sence, analysis on the vector field leads to some good
conditions for triviality. Professor Etsuo Yoshinaga visited Sydney in 1984, and he got new
ideas to construct nice vector fields. In his research life after that, he got good progress in
this subject, and he published some results. I think these are enough satisfactory for his
purpose. Now I introduce the reader some of his results very briefly.
[18] The modified analytic trivialization of real analytic families via blowing
$\mathrm{u}\mathrm{p}\mathrm{s}$ , (J.Math.Soc.Japan 40 (1988), 161-179) Let $\pi$ : $Xarrow \mathrm{C}^{\mathrm{n}}$ denote the blowing up
centred at some ideal defined over $\mathrm{R}$ and $\pi(\mathrm{R}):\mathrm{x}(\mathrm{R})arrow \mathrm{R}^{\mathrm{n}}$ its real part. Let RX denote
the topological closure of $X(\mathrm{R})-\Sigma(\pi)$ and $\mathrm{R}\pi$ : $\mathrm{R}\mathrm{X}arrow \mathrm{R}^{\mathrm{n}}$ be the restriction of $\pi$ . Here,
$\Sigma(\pi)$ denote the critical set of $\pi$ . We call $\mathrm{R}\pi$ : RX $arrow\acute{\mathrm{R}}$n subblowing up of $\mathrm{R}^{\mathrm{n}}$ centred
at this ideal. Remark that RX is a subset of $X(\mathrm{R})$ , and these two do not coincide in
general. In fact, considering the ideal generated by $(x^{2}, y^{2})$ , we find the total space of the
subblowing up of $\mathrm{R}^{2}$ centred at this ideal is subanalytic (in this case, semi-algebraic) and
the exceptional set, that is, the inverse image of the origin is the half of real projective line
which is the exceptional set of the real part of the blowing up of $\mathrm{C}^{2}$ centered at the ideal
$(x^{2}, y^{2})$ .
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Let $x=(X_{1}, \ldots, X_{\eta})$ be a local coordinate system at $(\mathrm{R}^{\mathrm{n}}, 0),$ $f(X)$ a real analytic function
germ at the origin in $\mathrm{R}^{\mathrm{n}}$ , and $\sum_{\nu^{C}\nu}x^{\nu}$ the Taylor expansion $\mathrm{o}\mathrm{f}$ ] $(x)$ at $0$ . Set $K=\mathrm{R}$ ,
or C. We say that $f(x)$ is $K- non- degene\Gamma ate$ , if the gradient of $f_{\gamma}$ has no $K$-valued zeros
except the union of the coordinate hyperplanes, for each compact face $\gamma$ of $\Gamma_{+}(f)$ . Here,
we set $f_{\gamma}(x)=\Sigma_{\nu\in\gamma}c_{\nu}X^{\mathcal{U}}$ .
Let $f_{t}(x)=f(x;t)(t\in T)$ be the real analytic family of real analytic functions so that
the Newton polygon $\Gamma_{+}(f_{t})$ is constant for $t\in T$ . Here, $T$ is a closed cube. Assume that
$f_{t}$ is convinient, i.e. $\Gamma_{+}(f_{t})$ meets each coordinate axes.
Theorem Let $\pi$ : $Marrow \mathrm{R}^{\mathrm{n}}$ be the blowing up centred at the ideal generated by the
monomials which correspond to the vertices of $\Gamma_{+}(f_{t})$ .
(i) If $f_{t}$ is R-non-degenerate for $t\in T$ , then $f_{t}$ admits $\mathrm{R}\pi$ -analytic trivialization.
(ii) If $f_{t}$ is C-non-degenerate for $t\in T_{f}$ then $f_{t}$ admits $\pi(\mathrm{R})$ -analytic trivialization.
[19] Topological principal part of analytic functions, (TIans of Amer. Math.
Soc., 314 (1989), 803-814) Let $K=\mathrm{R}$ or C. $\mathrm{L}\mathrm{e}_{\backslash }\mathrm{t}f$ : $(\mathrm{R}^{\mathrm{n}}, \mathrm{O})arrow(\mathrm{R}, 0)$ be an analytic
function. It is well known that the $r$-jet of $f$ at $0$ is $C^{0}$-sufficient iff $|\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}f(x)|\geq\epsilon|X|r-\delta$
near $0$ for some $\epsilon,$ $\delta>0$ . Let $\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{d}(f)$ denote the logarithmic gradient of $f$ , that is,
$\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{d}(f)=(x_{1}\partial f\partial x1, ..., x_{n}\partial f\partial x_{n})$ . Let $\Lambda_{+}(f)$ be the convex hull of the union of the sets
$\nu+\mathrm{R}_{+}^{\mathrm{n}}$ with $|\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{d}f(X)|\geq\epsilon|x^{\nu}|$ near $0$ for some $\epsilon>0$ . We also denote by $\tilde{\Lambda}_{+}(f)$ the
convex hull of the union of the sets $\nu+\mathrm{R}_{+}^{\mathrm{n}}$ with $|\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{d}f(x)|^{\frac{m+1}{m}}\geq\epsilon|x^{\nu}|$ near $0$ for some
$\epsilon>0$ . Here, $m=m(f)$ denotes the minimum of the half of the order of the $|\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{d}f(x)|^{2}$
at $x_{0}$ for $x_{0}\in\Sigma(f)$ .
Theorem (i) $\Gamma_{+}(f)\supset\Lambda_{+}(f)$ :) $\overline{\Lambda}_{+}(f)$ .
(ii) $f$ is non-degenerate iff $\Gamma_{+}(f)=\Lambda_{+}(f)$ .
(iii) Let $g$ : $(\mathrm{R}^{\mathrm{n}}, 0)arrow(\mathrm{R}, 0)$ be an analytic function germ. If $\Gamma_{+}(g)\subset\Lambda_{+}(f)$ , and
$\Sigma(f)=\{0\}$ , then $f(x)+tg(x)$ is topological trivial near $t=0$ .
$\mathrm{M}.\mathrm{A}$ .Ruas and $\mathrm{M}.\mathrm{J}$ .Saia gave more analysis on $\Lambda^{+}(f)$ in their paper: The polyhe-
dron of equisingularity of germs of hypersurfaces in Real and complex singularities (ed.
$\mathrm{W}.\mathrm{L}$ .Marar), Pitman Research Notes in Mathematics Series 333 (1995), Longman.
[22] Blow analytic mappings and functions, (Canad. Math. Bull. 36 (1993), 497-
506) Let $P^{n-1}$ be the $n-1$-dimensional real projective space, $\xi=[\xi_{1}$ :... : $\xi_{n}]$ the
homogeneous coordinate of $P^{n-1},$ $x=(x_{1}, \ldots, x_{n})$ a local coordinate system of $(\mathrm{R}^{\mathrm{n}}, 0)$ . Let
$M$ denote the subset of $\mathrm{R}^{\mathrm{n}}\cross \mathrm{P}^{\mathrm{n}-1}$ defined by $x_{i}\xi_{j}=x_{j}\xi_{i}$ for $1\leq i<j\leq n$ . Then the
natural projection $\mathrm{R}^{\mathrm{n}}\mathrm{x}\mathrm{P}\mathrm{n}-1arrow \mathrm{R}^{\mathrm{n}}$ induces the blowing up at the origin, and we denote
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it by $\pi$ : $Marrow \mathrm{R}^{\mathrm{n}}$ . Let $\phi:\mathrm{R}^{\mathrm{n}}\cross \mathrm{P}^{\mathrm{n}-1}arrow \mathrm{M}$ be the analytic deformation retract defined
by $\phi(x,\xi)=(\langle x, \xi\rangle/|\xi|^{2}, \xi)$ . Let $f$ : $(\mathrm{R}^{\mathrm{n}} - 0, \mathrm{O})arrow \mathrm{R}$ be an analytic function so that
$f\circ\pi$ has an analytic extension to $(M, \pi^{-1}(0))$ . Then there are analytic functions $c_{k}(\xi)$ on
$P^{n-1}$ so that $f\circ\pi\circ\phi(X,\xi)=\Sigma_{k}c_{k}(\xi)X^{k}$ . Thus, for $x\neq 0,$ $f(x)=\Sigma_{k^{C}k}(x)xk$ , and we
have a“homogeneous decomposition” $H_{d}(x)+H_{d+1}(X)+\cdots(H_{d}(x)\not\equiv 0)$ of $f(x)$ . We set
$H(f)=H_{d}(x)$ .
Theorem (Inverse mapping theorem) Let $f=(f1, \ldots, f_{n})$ : $(\mathrm{R}^{\mathrm{n}}, 0)arrow(\mathrm{R}^{\mathrm{n}}, 0)$ be a
continuous map germ so that $f\circ\pi$ is analytic. Set $H(f)=(H(fi), \ldots, H(f_{n}))$ . Then the
following three conditions are equivalent.
(i) $f$ : $(\mathrm{R}^{\mathrm{n}}, \mathrm{O})arrow(\mathrm{R}^{\mathrm{n}}, 0)$ is ahomeomo’phism which is induced by some analytic isomor-
phism $(M, \pi^{-1}(\mathrm{O}))arrow(M, \pi^{-1}(0))$ via $\pi$ : $Marrow \mathrm{R}^{\mathrm{n}}$ .
(ii) $\deg(H(f_{p}))=1$ for $p=1,$ $\ldots,$ $n$ , and $H(f)$ : $(\mathrm{R}, \mathrm{O})arrow(\mathrm{R}, 0)$ is ahomeomorphism
which is induced by some analytic isomorphism $(M, \pi^{-1}(\mathrm{O}))arrow(M, \pi^{-1}(0))$ via $\pi$ :
$Marrow \mathrm{R}^{\mathrm{n}}$ .
(iii) $\deg(H(f_{p}))=1$ for $p=1,$ $\ldots,$ $n$ , and $[H(f)]$ : $P^{n-1}arrow P^{n-1}$ is a real analytic isomor-
phism.
Theorem Let $f_{t}$ : $(\mathrm{R}^{\mathrm{n}}-0, \mathrm{O})arrow(\mathrm{R}, 0)(t\in T)$ be an analytic family of function so that
$f_{t^{\circ}}\pi$ has an analytic extention to $(M, \pi^{-1}(0))$ . Here, $T$ denote some closed cube. . $We$
denote by the same symbol $f_{t}\circ\pi$ the extension to $(M, \pi^{-1}(0))$ . If $H(f_{t})$ defines a non-
singular submanifold of $P^{n-1}$ for each $t\in T$ , then $f_{t}\circ\pi$ admits an analytic trivialization
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